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Let us consider the dissipative wave equation 
&u-Adu+&=f(x,t) (1) 
in a noncylindrical domain lJ,,Gt<m Q(t) x {t} or (J--m<t<m Q(t) x {t> with the 
boundary condition 
&2(t) = 0 for t 3 0 (or Vt), (2) 
where Q(t) is a bounded domain in R3 for each t and &Q(t) is its boundary. 
Periodic solutions tononlinear wave equations in cylindrical domains have 
been studied by many authors in various situations (see Vejvoda [18], Rabinowitz 
[15, 161, Torelli [17], Hall [SJ, Amerio and Prouse [l], Prodi [14], Clements [3], 
Wahl [19], and Nakao [9, 10, 121, etc.). However, there seems to be very little 
investigation for the cases of time-dependent domains. 
On the other hand, existence, uniqueness, and asymptotics ofsolutions for 
initial-boundary problems in noncylindrical domains have been discussed by
several uthors (Lee [7], Inoue [6], Cooper [4], Medeiros [8], Nakao and Narazaki 
[13], and others). 
In this paper, using some ideas of Cooper [4] and Nakao [lo, 111, we discuss 
first the boundedness and decay of solutions tothe initial-boundary problem 
(l)-(2). Next we prove the existence and uniqueness of the peridoci solution 
when Q(t) andf(t) have the common time period W. 
Roughly speaking, our result is that if X?(t) does not move too rapidly in a 
certain sense and if Q(t) and f (t) are w-periodic, then problem (l)-(2) admits a
unique w-periodic solution. Finally, on the basis of this result for the linear 
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equation, we prove the existence and local uniqueness ofthe periodic solution to
the semilinear equation 
&u-du++g(s,u)+f(s,t) 
with condition (2). The main assumptions ong(x, u) are 
and 
/ g(x, u)l < const 1u Ir+l 
I &, 4 - g(x, u2)l G const (I u1 I + I u2 IY I u1 - u2 I 
for some 0 < r < 2. 
In [13], more general nonlinear equations are treated, but there Q(t) is assumed 
to be monotonically increasing int. This is not needed here. 
1. PRELIMINARIES 
Notation follows Cooper [4] except that 52(t) denotes a bounded domain. 
Points in R3 x R are denoted by (x, t), and 1 x 1 and (x, r) are, respectively, the 
norm and scalar product in R3. For each t E R, Q(t) is a bounded domain in R3 
with a smooth boundary &S(t). We set 
Qh w = u Q(t) x if> 
-A? 
For simplicity we let 
and qa, b) = u a-2(t) x {t>. 
a<t<b 
2 = tJ Q(t) x {t>, z+ = u c%(t) x {t}, 
--m<t<cc o<t<m 
Q = u Q(t) x WV--a<t<m Q' =o<; Q(t) x W -. Jj 
Let 1z = (n, , n2 , n3 , n,) denote the exterior normal to Q on Z and let 11, =
YZ~, n3). We suppose Z is time-like (i.e., I n, 1 < / n, I) and so smooth that 
I;I:: t)= -?.I&/[ ?z, 12, which is defined on Z, can be extended to Q with 
I B(% 0 < a < 1 (4 
for some 01 > 0. 
Let /3’ denote the Jacobian matrix of x -+ p(x, t) with norm 11 j3’ 11 and fit he 
vector (a/at) /I. Later we shall assume OL + 1 fit I+ jl/3’ [I+ I V * /3 I is small. 
Here we give the definition of a(weak) solution toproblem (l)-(2). 
DEFINITION 1.1. Let (u”, u’) EHt,r(G(0)) x L?(G(O)). Then we say a function 
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U(X, t) on Q+ is a (weak) solution f(l)-(2) with initial data u” and u1 if u E 
C(R+; H,i(S(t))), ut E C(R+; L*(G(t))), u(0) = u”, ~~(0) = ul, and Eq. (1) is 
satisfied n the distribution sense. 
DEFINITION 1.2. We say a function u(x, t) on Q is a (weak) solution f 
(l)-(2) onQ if u E C(R; H,l(SZ(t))), ut E C(R; L*(SZ(t))), and Eq. (1) is satisfied 
in the sense of distributions on Q. 
Remark. For a function v defined on Q(0, T) we set 
B = a(.%, t) if .rESZ(t), 
=o if x #G(t). 
Then v E C([O, T]; H,‘(SZ(t))) means d E C([O, T]; H1(R3)). The space C(R; 
L*(JJ(t))) should also be understood ina similar sense. Throughout he paper we 
assume and set 
Mf = sup 8(t) = sup (J-“” llf(s)ll;2(Q(s)) ds)li2 < 02
teR+ teR+ t 
(5) 
and 
M = sup 8(t) < co. 
tcR 
(5)’ 
We conclude this ection bygiving alemma concerning a difference in quality. 
LEMMA 1.1. Let 4(t) be a nonnegative function R+ satisfying 
sup d(s)‘” < const(+(t) - +(t + 1)) + k(t) (r 2 0). 
tGa<‘+l 
Then we have: (i) If lim,,, k(t) = 0, lim,,,$(t) = 0, (ii) ;f r > 0 and 
0 < k(t) < const(1 + t)-1-1/7-f with some E > 0, then 4(t) < const(1 + t)-llr, 
(iii) fr = 0 and 0 < k(t) < const exp(-6%) for some 0 > 0, then C(t) < const 
exp{-Vt} for some 8’ > 0. 
For a proof see Nakao [I 11. 
2. INITIAL-BOUNDARY PRoBLEnT 
In this ection we derive an a priori estimate of the smooth solution u for (1) 
and show the existence and decay of the solutions. 
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Following Lee [7] we multiply (1) by ut + (p, Vu) and make easy calculations 
to obtain 
& Nut + <A Vu)) %I - iI & [cut + a Vu)) g] 
-g g[ut2-,vu,2]+~~ I i=l axi Fw4  - I vu l?,ll+ (ut + a Vu>) Ut 
= </A ,vu> Ut - @‘Vu, vu> + p-g) (I vu I2 - ut”) + (ut + 0% Vu>)f. 
(6) 
Integrating (6) over Q(tl ,t2) (0 < t, < tz) we have 
J , aO(tl t,)((24 + (B, Vu>)(wt - (%,Vu>) - Hut2 - Ivu I’)(% + 8, %!>)I dt 
+ j-(,, t )Cut +<iA Vu>) utdx dt 
(7) 
= 
s I m,,t-J 
(/$, vu> ut - @’ vu, vu> + (Y) (I vu I2 - ut’) 
+ (ut + (8, Vu>)fj dxdt. 
Note that since 7tt + (8, n,} = 0 and u = 0 on Z+ we have 
Thus from (7) 
ut + X8, vu> =0 on 23. 
&4t,N - &&N + 2 ~Qc,, t )(ut +6% Vu>) utdx dt 
= I f?(t,.t,) WA , vu> ut -w vu, vu> + (V * lQ>(I vu 2 - ut”) 
+ Cut + <Bv Vu)).0 dx4 (8) 
where we set 
-%W = jDt,, (ut” +203, Vu> ut + I Vu I21 dx 
E(u(t)) = j-(t) (ut2 + I Vu I”) dx. 
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It is easy to see that 
(1 - a) -Q(t)) < -qu(t)) < (1 + a) qw. 
From (8) with t, = t + 1 and t, = 1 we have 
2 jft+l II ~f(S)l~~ ds 
397 
(9) 
< -&(t)) - -&(f + 1)) + i-+ sEy& qu(s)) + jt” II ml: ds + w)*, t 
where, for simplicity, we put 
and 
II “(W‘2(~(,,, = II u(t)llt for u E P(sZ,) 
Thus 
r+ E sup (2 I B I + I A I + 2 II B’ II + I y * B I)* 
kc.tlsQ+ 
r’” II wll: ds < -b(t)) - Jw + 1)) + y+ &;a;$] W(s)) 
‘t 
+ 2S(t)2 = A(t)Z. (10) 
Therefore there xist wo points t, E [t, t+ f] and t, E [t + 2, t + I] such that 
II %(4& < 24). (11) 
Next, multiplying (1) by u and integrating over Q(tr ,t2), we have easily 
s 
t2 
‘/ ‘c’u II: ds< @t(h), 4)tl I + IW, 3 4tzNt, I 
21 
+ jQ(t,.t.& 
k” + (I ut I + If I) Iu I> d.v ds (12) 
< 4-W sE;yll IIUt(S)l/, + A(t)2 + (-J(t) + S(t)) se-yII II u(s)!l,, 
where we have used (10) and (11). From (10) and (12) we have 
where we have applied the Sobolev inequality 
1; uII L%Q G St 11 f2 11,; (R,) for u fz H,‘@(s)), Vs. (14) 
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Inequality (13) implies that for some t* E [tl ,t2] 
we*)) G 44v + 2{(4 + s,) 4) + w s~~~llww)1’2. (15) 
From (8) (9) and (15) we have 
sEFtfll &44)G @(t*)) + 2jQtt +l) Nut +(BP Vu>) ut Idx dt 
+ Lt,t+l~ (2(/3, , Vu) ut - 2(/I’ vu, Vu) 
+ (V - B)(l Vu I2 - Q) + 2@, + (B, Vu).01 dx ds 
< (1 - a)-’ E(zd(t*)) + 2A(t ” + Y+ ss;y&, WsN + 2w2 
< Co,,4t)2 + c**,w2 + ((1 + 4 r+ 4 se;;& Wsh 
(16) 
where E > 0, 
and 
c,,, = 4(1 - LX-’ + 2 + (4 + S,)2 (1 + CX) e-l (1 - +a, 
cl-, = (4 + s*y (1 + a) e-1 (1 - Lx-’ + 2. 
By the definition of A(t) (see (10)) and (16) we have 
max 
sqt,t+11 
&u(s)) < GEVJ(40) - E(u(t + 1))) + PG., + Cl.,) S(tj2 
Now we choose l = 4 and make the assumption 
(1 + OL + C,,,,,) r++ g = {2(2 + a> + 4(1 - a)-’ 
+ 2(4 + S2)2( 1 + cu)(l - a)-“} r+ + 4 < 1. 
That is, 
4{2 + ol + 2( 1 - a)-’ + (4 + S2)2 (1 + a) (1 - o~)-~} y+ < 1. (18) 
Then by (17) we obtain 
max E(u(s)) < C,,{E(u(t)) - E(u(t + 1))) + Ci@tY (19) 
sqt.t+11 
for certain constants C,, C, > 0. 
We summarize the above argument in the following theorem. 
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THEOREM 2.1. Under assumptions (14) and (18), every smooth solution u of 
(l)-(2) satisfies in quarity (19)for t E Rf. 
Moreover we have 
THEOREM 2.2. Under the assumptions of Theorem 2.1, a smooth solution u 
satisjies th  apriori estimate 
E(u(t)) < C, max(E(u(0)) + 8(O)“, nP+*) for t E R+ (20) 
for some C, > 0. 
Proof. If l?(u(t)) < e(u(t + 1)) for some t, we have by (19) 
B(u(t + 1)) < Cl 8(t)” < C,M+‘* 
Hence for t > 0 
G max(B(u(0)) + Cl W2, GM+*), 
which together with (9) immediately implies (19). Q.E.D. 
On the basis of the above theorems we can obtain the following existence 
result. 
THEOREM 2.3. Let u” E H,‘(G(O)) and u1 E L’(Q(0)). Then, under the assump- 
tions ofTheorem 2.1, problem (l)-(2) admits a unique (weak) solution u with initial 
data u” and ul. Moreover, the solution u satisjes theenergy inequality (19) (and 
consequently (20)). 
Proof. The proof is similar toTheorem 2 in [4]. Indeed, let T > 0 be fixed 
arbitrarily and choose the sequences u,O E Com(sZ(0)), u,lE C,“(G(O)), and 
fn E Coa(Qr) such that 
and 
uno -+ u” in Ho1(s2(0)), u,l - u1 in L’(s2(0)) 
fn -fin L2(!&). 
By Inoue [6], problem (1H2) withf = fn onQr has a unique solution II, ECm(Qr) 
with initial data u,O and u,l. Applying estimate (20) to u, - u,, we see that 
E(u,,(t)) is uniformly convergent on[0, T]. It is easy to see that he limit function 
u is a weak solution f(1) on Qr with initial data Uo and d. Inequalities (19) and 
(20) are, of course, preserved. Uniqueness of such a solution can be proved as 
Theorem 1 in [4] (the details are omitted). Since T is arbitrary we obtain our 
assertion Q.E.D. 
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Combining the above theorem with Lemma 1.1 we have the following decay 
property of solutions a t -+ 03. 
THEOREM 2.4. Let II be a solution of (l)-(2). Then: 
(i) If lim,,, S(t) = 0, we hawe lim,,, E(u(t)) = 0, 
(ii) if S(t)2 < const -(e+c+l) (0, E> 0), we haere E(u(t)) < const -O, and 
const emet (0 > 0), we haw E(u(t)) < const e-e’t for some 
3. PERIODIC SOLUTION 
Here we assume f(t) and G’(t) are both w-periodic with respect to t. We shall 
show the existence and uniqueness of an w-periodic solution to(l)--(2) on Q. 
Moreover we shall estimate he periodic solution by&Z, the norm of f(t). In what 
follows e assume (18). For our purpose we consider the mapping T, (n: integer) 
from H,,i(sZ(O)) x Lz(Q(0)) into itself as follows. For (u”, u’) E H,1(sZ(O)) x 
L2(Q(0)), we let u(t) be the unique solution f(1)<2) with initial data u(0) = 
Uo, (a/&) u(0) = ul. Then we define 
T,{(uO, d)> = (+w), U&J)). 
Since G(O) = SZ(nw), T, is well defined. 
Now, for E > 0 we set 
where C, is the constant appearing in (20). 
LEMMA 3.1. For any E > 0, there xists a number N(E) > 0 such that if 
n > N(E), T, is a contraction mapping from B, to B, . 
Proof. Let u(t), w(t) be two solutions of(l)-(2) and set w(t) = u(t) - v(t). 
Then we know by (19) that E(w(t)) satisfies theinequality 
sEpll &44 G cov%4t)) - &4t + 1))) for ttz R+, 
which implies by Lemma 1.1 
E(w(t)) < C,e-etE(w(0)) (21) 
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for some 0 > 0, C, > 0. Therefore, ifwe choose sufficiently large N(E), 
with 0 < p < 1. This proves T, is a contraction. 
Next, let U(t) and u(t) be solutions of(l)-(2) with initial data (0,O) and 
(u”, ur) EB, , respectively. Then, by (20) and (21), we have 
E( U(t)) < C&?’ and E(u(t) - U(t)) < C&“E(u(O)), 
and hence 
E(u(t)) < ((E(U(t)))Q2 + (E(u(t) - V(t)))““)” 
< C&Q + ; + C(c) @‘E(u(O)) 
52 C,M’ + ; + C(E, M) e-et, 
(22) 
for certain C(6), C(E, M) > 0. Since we may assume 
C(,, M) e-ON(c) < ; ) 
inequality (22) implies (u(nw), Us) E B, if n > N(E). Q.E.D. 
From the above lemma, T, (n: large) has a unique fixed point in B, . Thus we 
have proved: 
LEMMA 3.2. Problem (l)-(2) admits an nw-periodic solution un,Jt) ifn >, N(E), 
satisfying 
E(un.&)) < GM2 + E for tER. (23) 
We are now ready to prove our main result. 
THEOREM 3.1. Let f(t) and Q(t) be w-periodic and let us assume (18). Then 
problem (l)-(2) admits a unique w-periodic solution u(t). Moreover the solution 
satisjies theestimate 
E(W) < C2M2 fortER. (24) 
Proof. Let u(t) and v(t) be the energy-bounded solutions of(l)-(2) on,O. 
Then by Theorem 2.3 we know 
ssyta;l,W(s)) G CoLW4t)) - E(w(t + 1))) for tER, 
where we set w = u - VI,‘, which implies easily that zu =_ 0 (cf. [IO]). Thus 
505/3-l/3-3 
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problem (l)-(2) admits at most one bounded solution Q. Therefore, this must 
coincide with any nw-periodic solutions u,Jt) (n >, N,). That is, u(t) (-u,,<(t)) 
is independent of 12, Eand w-periodic nt. Letting E + 0 in (23), we obtain (24), 
which proves the theorem. Q.E.D. 
4. SEMILINEAR EQUATION 
In this ection we consider a semilinear wave equation 
$u--Au+&u=g(s,u)+f(~,t)onQ+ (or 9) 
(3)’ 
24 Ix+ =o (or u /c = 0). 
We assume that for each u E R, g(x, U) is measurable in x on G’(t) and satisfies 
and 
I &> 41 G ko I u I1+r 
(25) 
I g(x, Ul) - g(x, u2)l < &(I Ul I7 + I % I’> @I - 4 
with 0 < r < 2. We shall prove an existence and uniqueness theorem for (3)‘. 
For this let us determine numbers D, and ~a as follows. 
max(C;‘.x2 - 2k,2S~~~~x2+2T) = CiJ’x,’ - 2k,2S$$x~+2’ E Do2, 
GO 
(26) 
where S2+2r is the Sobolev constant such that 
II 24 llp+?yn(t)) G s2+2, II ulIHoqsa(t)) for uE Ho1(J2(t)), Vt 
Let us assume (u”, ul) EH,l(sZ(O)) x L’(O(0)) and 
(27) 
We determine a number 0 < a < x0 by 
CL1a2 - 2k02S~~~Fa2+2’ = i@,
which is possible by the definition of Do . Then, note that 




B(a) = {u E C(R+; Hol(Q(t)) I utE C(R+; L2(SZ(t))), 
u(O) = u”, u,(O) = u1 and E(u(t)) < a2 for t E R+}, 
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which is a closed set in a complete metric space E = {u j u E C(R+; f1&~(S2(t)), 
ut E C(R+; L*(G)(t))) andsuptEa+ E(u(t)) < co> with metric dis(u, V)E supteR+ 
(E(u(t) - o(t)))‘/*. 
For u E B(a) we define u* - Tu by 
a’ 
-g 14” - Au* + & u* = g(x, u) +f(.Y, t), 
(31) 
u* Ix+ = 0, u*(o) = u”, UT(O) = 22. 
By our assumption on g(x, u), g(x, u) + f belongs to L&JR+; L’(SZ(t))) and u* 
can be defined by Theorem 2.3. Furthermore, from (20) we have 
-Q*(t)) < C, (-W*(O)) + jolIIid4 +f II: & jtt+' II g(u) -t flit ds) 
G G{ll u"/l~olcnco), + II 22 ll:2(R(O)) + (koS;p+r  fif+)') 
< C2(@ + 2k02S,2~,2~u2+2’) = a2 (by(29)). 
Therefore T is a mapping from B(a) to itself. Foru and v E B(a) we have, again 
from (20), 
O*(t) - v*(t)) < Cz S;P jtf+’ II g(u) - g(42, ds 
which implies by (30) that T is a contraction mapping. The fixed point u of T 
in B(a) is a solution f(3)’ with initial data (u”, u’). We summarize the above 
result in the following: 
THEOREM 4.1. In addition toassumptions (18), (25), and (27) we suppose 
II u” Il;,lcncs,, + II u1 Il:e~~~o~~ + 2~+ -=c 0:. 
Then problem (2)’ has a unique solution u with initial data u” abd u1 such that 
E(u(t)) < a2 < x0, 
where Do , a, x0 are determined by(26) and (29). 
Now, using estimate (24) of the periodic solution fthe linear equation, wecan 
prove easily the following: 
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THEOREM 4.2. Suppose that G(t) and f(t) are w-periodic, and(18) and (25) are 
valid. Moreover we assume M < D, . Then problem (3)’ on Q udmits a unique 
w-periodic solution u(t) with E(u(t)) < a(M), w h ere a(M) is the smaller root of the 
equation 
Moreover u(t) is (locally) exponentially stable. 
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